Abstract. Due to the high specific strength and stiffness, laminated composite plates, especially mid-plane symmetric laminated composite plates, are frequently used as structural component in aeronautical and aerospace engineering. Since obtaining analytic solutions are difficult even for simply supported mid-plane symmetric laminated composite plates, numerical methods have to be used to obtain approximate solutions. To evaluate various numerical methods, benchmark solutions are needed. In this article, highly accurate frequencies of simply supported angle-ply mid-plane symmetric laminated composite plates with two sets of equivalent material properties are obtained by the modified differential quadrature method and presented to serve as the benchmark solutions.
Introduction
Due to the high specific strength and stiffness, laminated composite plates are frequently used as structural component in aeronautical and aerospace engineering. Their static, buckling and free vibration behavior is of important to the designers and thus has been received great attentions [1, 2] . Among various types of laminations, the mid-plane symmetric laminates are widely used in practice. The de-coupling of in-plane and out-of-plane deformation makes the production of a flat plate as well as analysis much simpler than the general laminations.
In free vibration analysis, the laminated composite plates are usually equivalent to anisotropic plates. Analytical solutions are rarely available even for rectangular anisotropic plates with simple supported boundary conditions. Therefore, various approximate approaches [1] [2] [3] [4] and numerical methods [5] [6] [7] [8] [9] have been employed for solutions.
In literature, two equivalent ways of expressing the material properties are commonly used. Take the E-glass/epoxy (E/E) material as an example, the material properties expressed in one way, called the material system I (MS-I), are = 60.7 GPa, = 24.8 GPa, = 12.0 GPa and = 0.23 [3, 8, 10] , and the material properties expressed in the other way, called the material system II (MS-II), are / = 2.45, / = 0.48 and = 0.23 [4, 6, 7] . Researchers often do not distinguish one set of material properties from the other since they are regarded equivalent. The choice mainly depends on their personal preference. In references [4, 6, 7] , the results are obtained based on the MS-II, but compared with the upper bound solutions with the MS-I [3] . In reference [8] , the material properties of MS-I are given, but the data are actually obtained with the ones with MS-II. Occasionally this might cause mis-understanding to the readers, although it is not difficult to tell that MS-II is actually used in their calculation by looking at the exact solutions of special orthotropic rectangular plates, since the exact solutions for the two sets of equivalent material systems are slightly different and the corresponding Ritz solutions of special orthotropic plates reported in [3] are also exact solutions [10] . The difference in solutions for the laminated composite plates with the two sets of equivalent material properties is really small and negligible from the practical point of view.
From the computational point of view, however, the small difference may be important in testing the accuracy and efficiency of new numerical methods. Very accurate benchmark solutions are required in such cases. The data reported in [3, 4] are not very accurate due to either the lower rate of convergence of the method or the extra constraints implicitly enforced in the test functions [11] . More terms in the series of the test functions are needed to obtained solutions with higher accuracy by using the Ritz method.
The primary objective of this paper is to provide highly accurate benchmark frequencies for simply supported square laminated composite plates with two sets of equivalent material properties. The modified differential quadrature method proposed by the author is used to obtain accurate solutions. The slight difference in the frequencies of the mid-plane symmetric laminates with two sets of equivalent material systems is clearly demonstrated.
Basic equations and solution procedures

Governing equation and expression of boundary condition
Denote the length, width and total thickness of the rectangular laminated composite plate by , , and ℎ. The governing equation for the free vibration analysis of a mid-plane symmetric laminated composite plate is given by:
where are the effective bending and twisting stiffness [12] , ( , ) is the deflection, and are the mass density and circular frequency, respectively.
The expressions of simply supported boundary conditions are:
where the expressions of bending moments and are:
Modified differential quadrature method and solution procedures
For completeness considerations, the modified differential quadrature method (modified DQM) and solution procedures are briefly introduced.
Denote and the numbers of grid points in and directions, and ( , ) ( = 1, 2,..., ; = 1, 2,..., ) the grid points. In the modified DQM, two additional derivative degrees of freedom at end points are introduced by using the method of modification of weighting coefficient-3 (MMWC-3) proposed by the author [9] .
For simplicity and demonstration of the method, take a one-dimensional problem as an example. In the ordinary differential quadrature method, the first order derivative of the solution ( ) with respect to at grid point is approximated as:
where is called the weighting coefficient, which can be explicitly computed by:
To apply multiple boundary conditions rigorously, two additional degrees of freedom (DOFs) are introduced during formulation the weighting coefficient of the second order derivatives at two end points by using the MMWC-3 [9] , namely:
where
At all inner points, the weighting coefficients of the second order derivative are the same as the ordinary DQM, namely: 
In the modified DQM, the weighting coefficients of the third and the fourth order derivatives, denoted by , are computed by:
= , ( = 1,2, . . . , , = 1,2, . . . , + 2).
The weighting coefficients of the first to fourth-order derivatives with respect to can be calculated in a similar way, simply replacing and in Eq. (5) to Eq. (9) by and . Since only square plates ( = ) are considered, thus = = . In terms of the modified differential quadrature (DQ), the bending moments at corresponding boundary points can be expressed as:
In terms of the DQ, the governing equation at all grid points can be expressed as:
where superscripts and mean that the weighting coefficients of the corresponding derivatives are taken with respect to x and , contains the deflection as well as the first-order derivative with respect to or along boundary points, introduced by the method of modification of weighting coefficient-3 (MMWC-3), , and are only a part of . There are ( + 2) × ( + 2) − 4 degrees of freedom (DOFs) in total. From Eq. (7), it is clearly seen that ( = 1, ) are different from ( = 1, ) , and
The bending moment equation is placed at the position where the DOF of the first-order derivative with respect to or at corresponding boundary point is. Enforcing the simply supported boundary conditions rigorously yields following partitioned matrix equations, namely:
where Ω = ℎ/ is called the frequency parameter, = ℎ /[12(1 − )], , and are the modulus of elasticity in the fiber direction, as well as the major and minor Poisson's ratios, respectively. The vector { } contains only the non-zero DOFs of the deflection at all inner grid points and its dimension is ( -2) × ( -2).
After eliminating { }, Eq. (13) can be rewritten in the following matrix equation:
. Solving Eq. (14) by a standard eigen-solver yields the frequency parameters. To achieve the fastest rate of convergence and obtain reliable and accurate solutions, following grid points are used in the modified DQM:
The exact frequency parameters (Ω) for especially orthotropic rectangular plates can be calculated analytically by [1, 3]:
where and are the half wave number of the vibration mode in and directions, respectively.
Results and discussion
Three materials of lamina, i.e., E-glass/epoxy (E/E), Boron/epoxy (B/E) and Graphite/epoxy (G/E), are considered. The material parameters directly taken from [3, 4] are listed in Table 1 . For each material, two sets of equivalent material constants are given. Among the three materials, Graphite/epoxy exhibits the highest anisotropy, since / is the largest. Denote the fiber orientation angle. Four angles, i.e., = 0°, 15°, 30° and 45°, are considered. The relative bending-twisting coupling coefficients / and / , which reflect the degrees of anisotropy, are listed in Table 2 . It is seen that / is the largest when = 30°. This perhaps is the reason why the convergence study is performed for = 30° in [3] , since the higher the anisotropy, the lower the rate of convergence for various approximate and numerical methods. Although / is the second largest when = 45°, however, / is the largest. Thus, convergence studies are performed for both = 30°and = 45° in present investigations. Corresponding results are listed in Table 3 and Table 4 , respectively. Mid-plane symmetric angle-ply square plates with all edges simply supported, denoted by SSSS, are investigated.
From Table 3 and Table 4 , it is clearly seen that the rate of convergence of the DQM is high. The rate of convergence of the DQM for = 30° is higher than the one for = 45°. This indicates that the anisotropy of the (45°/-45°/45°) square plates is higher than the one of the (30°/-30°/30°) square plates for the same material and the anisotropy of the graphite/epoxy square plates with (45°/-45°/45°) is the highest.
To ensure the high accuracy of solutions, the frequency parameters of three-layer angle-ply ( /− / ) square plates with all edges simply supported are obtained by the modified DQM with 31×31 grid points and are presented in Tables 5-7 . The DQ solutions contain results using two sets of equivalent material constants listed in Table 1 and are all below the upper bound solutions cited from [3] . Note that the Ritz data reported in [3] are exact only for the case of = 0°.
In Table 5 , Table 6 , and Table 7 , the exact solutions for = 0° are re-computed by using Eq. (16) with the corresponding material constants, since the existing exact solutions are only accurate to two places of decimals. It is observed that the DQ data are exactly the same as the re-computed exact solutions. The exact solutions with MS-I of materials E/E and G/E are slightly higher than the corresponding ones with MS-II, and the exact solutions with MS-I of material B/E are slightly lower than the corresponding ones with MS-II. This trend remains the same in the DQ solutions for other fiber orientation angles. It seems that this trend is mainly caused by the difference of , since in MS-I of materials E/E and G/E is also slightly larger than in MS-II and in MS-I of material B/E is smaller than in MS-II. 
Conclusions
The free vibration of mid-plane symmetric angle-ply laminated composite square plates with all edges simply supported is successfully solved by using the modified differential quadrature method (modified DQM). Three material systems are considered. The rate of convergence of the modified DQM is investigated. The results are tabulated for references.
Based on the results reported herein, one may conclude that the DQ data are highly accurate and can be served as the benchmark solutions. The difference in solutions of the mid-plane symmetric angle-ply laminated composite plates with two sets of equivalent material constants is clearly seen and thus care should be taken when highly accurate results are needed for comparisons in testing newly developed numerical methods. However, the difference is small and negligible from the practical point of view.
